
Math 451: Introduction to General Topology
Lecture 15

The flower topology. We now give an example of topological space which shows
2" ctbl* 1't ctbl + separable·

let X be a set leg . X:= /R) and XoEX (e . g . Xo := PEIR) . Let B := (1x0 ,X3 : xEX3 ; in partian-
lar

,
(x02 = 9x0 , x02EB . Call the topology on X generated byB the flower topology on X

with center xo .
Since & is closed under finite intersections

,
B is a basis

D Mis hopology . Thispolog is
2 Itbl become for each xEX

,

the set 7440, x33 in a neighbourhood
basis at x

separable because Exoh is dense in X since Xo is contained in ever open set.

is 21tbl <=> X is ctbl .

Proof.
.

If X is atbl When B is athl and is a basis.

=>. We prove the contrapositive : assume X is unctbl and let I be any basis for the

topology. We show let BE2
,
hence & is unuthl base B = X.

Fix a P := /Xo,X]EB .
Since 2 is a basis

,
P is a union of sels in 2 .

But

But the only opensubsets of Pare O
,
Ex0)
,
and P itself

,
so if P is

a union of open sets
,
one of them must be P to cover the point X , hence PE2.

What we really proved is Mut B is contained in every basis of X
.
Thus

,
the flower

top . On 13 with
any

center is It ctbl
, separable , but not I'dtel.

ProplAC) . 22 itbl = Lindelof
.

Proof
.

Let13 be a ctbl basis for the top , space X . Let He be an open cover
of X

,
and

our goal is to find a ctbl subrover
.

Let Bo := \VEB : EUETC s . t. VEU3=B hence still thl.

By AC , define a function Bot1 : V UVV . Nor let Moi= \UviveBol ·
Bo surjects onto No , hence No istel . Also, No is a cover of X because

uv

X U



for each xeX
,
EHEM with xEU , but Men since B is basis

,
E VEB st . xeVel .

Thus
,
VEBo

,
hence UnElo and UrIVeX

·

hor . I' itbl 1st ctbl + reparable + Lindelof

The converse still fails :

Sorgenfly line. The following space shows:
22 itb) 1 ctbl + reparable + Lindelof

let X :=R and let I be the topology on IR generated by
B : = ( [a, b) : a

,
bEIR

,
a = b)

:

called the Sorgenting topology on IR.

Claim
.
This topology is finer Mean the usual top or IR , 2.

. e . it has more open refs (formally,

every usual open set is Jorgenfrey opent .

Proof . Bease open intervals (a
, b) , a

,
bER

,
a26 form a basic for the usual top, onli,

it is enough to show Ut 19
,
6) i Sorgentley open. But (a , 6) = VCa + t , b) =WLa

,

l
,so

neIN
+

la
,
b) is Sorgenfrey open.

Because B is closed under finite intersections
,
B is a basis for 3

.

It is left as a HW

exercise to show htthis hopology is fithl
, separable , Lindelof, but not 22 ctbl.

Recall that metric spaces are
1t ctrl

.

It turns out the remaining three properties are equivalent
to each other for metric spaces.

Theorem. For a metric space (, d) , TFAE :

(1) X is I'd ctbl

(2) X is Lindelof
.



(3) X is separable.

Proof
.

(1) E(2) . Already proved generally.
(2)=(3) . HW.

(3) => (1) . Let D2X be a ctbl dense set. let B := Bould) : &ED
,
net)

,
so B isthl

and wehow it is a basis
.
Fix an open set U and wa need to

Br(x)
..
+Wshow ht for each x=ll 5 BAB3 s .t . xcB=U

.

Fix x EU . Since
Bindl

U is
open ,

there is a ball Brix U for some V30 .
let neNt be sit.

U

↓ <E . Then by density , 5 dEDMByn()
,
so Byu(d) = By(x)[U and x(Beld)

since deByr(x) ,

Hereditasnem of countability properties.

We new let X be < dop . space , YIX equipped with the subspace hopology , and
discuss which of the utility properties are inherited by Y from X.

Obs
.

Let X be a top space
and YeX.

(a) If X is 1st ithl then Y is 1st ctbl.

16) If X is 2nd ctbl Men Y is 2nd ctbl .

Obs
.
If X is Lindelof and Y is closed

,
When Y is also Lindelof.

Proof
.
HW

.

Counterexample to inheritence of separability . Take the flower top on 12 with center 0
. Ten

as shown above this hop. is separable since 903 is cense but Y := IRV903 is not

separable become the subspace top on Y is discrete ! Indeed,
all singletous in Y are open since for each yeY , <y) = 30,%314. DMus

,
Y is not separable since it is unctbl and discrete.



Cor
.
For metric spaces , separability and Lindelofness are hereditary , i . e,
i X is metric space

and YEX
,
then X separable lesp. Lindelof) => Y is separable

Cresp . Lindelof).
Proof

.
For metric spaces these properties are equivalent to 229 countability , which is
always hereditary

.

Convergence intopological spaces.

Def. Let X be top , space
and (xu) EX

.

We
say that (xu) converges to some xEX

,
and

write limxn = x or xitx as he
,

if for each
open neighborhood UEX all but

n+ @

finitely may XnEU ,
i
. e . F

&

n XEl.

Prop . Let X be top. space , xeX ,
and By a neighbourhood basis at

.

Then for

any sequence (Xul ?X
,
Xn+ X as new2 for each UEBx Vaxwell,

Proof
. HW .


